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Abstract: In this paper, a scheme for the generation of long-living entanglement between two
distant Λ-type three-level atoms separately trapped in two dissipative cavities is proposed. In this
scheme, two dissipative cavities are coupled to their own non-Markovian environments and two
three-level atoms are driven by the classical fields. The entangled state between the two atoms
is produced by performing Bell state measurement (BSM) on photons leaving the dissipative
cavities. Using the time-dependent Schördinger equation, we obtain the analytical results for the
evolution of the entanglement. It is revealed that, by manipulating the detunings of classical field,
the long-living stationary entanglement between two atoms can be generated in the presence of
dissipation.
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1. Introduction
Quantum entanglement, as the most important resource for quantum science and technology,
draws a great deal of attention in various domains [1], such as quantum teleportation [2], quantum
dense coding [3], quantum cryptography [4], and quantum computation [5]. Therefore, many
schemes have been proposed to generate entangled states, such as trapped ions [6, 7], quantum
electrodynamics [8, 9], and photon pairs [10, 11].
In order to complete a quantum operation, the long-living entanglement is needed. In real
physical systems, however, quantum entanglement is fragile and very easy to be destroyed due to
the interaction between quantum system and environments [12–14]. Therefore, many efforts have
been devoted to the dynamical evolution of entanglement in Markovian environments [15–18].
In contrast, non-Markovian dynamics shows more interesting phenomena because of the memory
effect, and has been used in various quantum operations [19–23]. Up to now, extensive researches
on the entangled states for two-level atoms in dissipative environments have been done [24–27].
For example, in [27], Nourmandipour et al. investigate the entanglement swapping between two
two-level atoms. Their results show that the stationary entanglement between two two-level atoms
can be generated in the presence of dissipation.
Compared with the two-dimensional entanglement, high-dimensional entangled states are
more competitive due to the fact that three-level quantum systems provide more secure quantum
key distributions than those based on two-level systems [28–30]. Therefore, extensive researches
have been devoted to the generation of three-dimensional entanglement [31–35]. For example,
in [34], the generation of three-dimensional entanglement of two distant atoms in Markovian
environments is proposed. In practice, the dissipation of cavities is unavoidable, and generating
three-dimensional entangled states in non-Markovian environments is valuable and worth
studying.
In this paper, we propose a scheme for producing the entanglement between two atoms
separately trapped in two dissipative cavities. We first investigate the dynamical evolution of
a three-level atom in non-Markovian environments by using the time-dependent Schördinger
equation. Then, we generate the entanglement between two atoms by performing Bell state
measurement on photons leaving the cavities. We use negativity to quantify the amount of
entanglement [36] and discuss the effect of detunings and initial atomic states on the evolution of
entanglement. The rest of the paper is organized as follows: In Sec. II, we introduce the model of
the atom-field coupling system, and the dynamical evolution of entanglement between the atom
and the cavity field is presented in Sec. III. In Sec. IV, we produce the entangled state between
two atoms by performing Bell state measurement and discuss the effect of detunings and initial
atomic states on the evolution of entanglement. The conclusions are drawn in Sec. V.
2. THE MODEL
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Fig. 1. Schematic representation of the setup. BSM is performing Bell state measurement on
photons leaving the cavities.
We consider a system formed by two separate dissipative cavities, each of which contains a
Λ-type three-level atom with ground state (|g〉), lower and upper excited states (| f 〉, |e〉) (see
Fig. 1). The quantum states |gi〉, | fi〉, and |ei〉 (i = 1, 2) have the energies of ωgi , ω fi , and ωei ,
respectively (~ = 1). We assume both two dissipative cavities have high quality factors. In the
ith cavity, the transition |gi〉 ↔ |ei〉 is coupled to a single-mode cavity field with the coupling
constant gi , while the transition | fi〉 ↔ |ei〉 is driven through a classical field with the coupling
constant Ωi . Assuming that the cavity field interacts with a reservoir consisting of a set of
continuous harmonic oscillators, the Hamiltonian describing the field-reservoir is given by
Hci = ωci a
†
i ai +
∫ ∞
0
B†i (η)Bi(η)dη +
∫ ∞
0
Gi(η)[a†i Bi(η) + H.c.]dη, (1)
where ωci is the frequency of the cavity field, Gi(η) is the coupling strength between the
cavity field and the reservoir, which is a function of frequency η. B†i (η) (and Bi(η)) is the
creation (and annihilation) operator of the reservoir, which obeys the commutation relation
of [Bi(η), B†j (η
′)] = δi jδ(η − η′). The model of the field-reservoir shows that the dissipative
cavity has a Lorentzian spectral density implying the nonperfect reflectivity of the cavity
mirrors. Supposing that the reservoir has a narrow bandwidth, we can extend integrals over
η from 0 to −∞ and take Gi(η) as a constant. Thus, by introducing the dressed operator
Ai(ω) = αi(ω)ai +
∫ ∞
−∞ βi(ω, η)Bi(η)dη, one is able to diagonalize the Hamiltonian (1) as [37]
Hci =
∫ ∞
−∞
ωA†i (ω)Ai(ω)dω. (2)
The annihilation operator ai is given by
ai =
∫ ∞
−∞
α∗i (ω)Ai(ω)dω, (3)
with
αi(ω) =
√
κi/pi
ω − ωci + iκi
, (4)
where κi is the decay rate of the ith cavity. Consequently, the total Hamiltonian of the atom-field
system is
Hi =
∫ ∞
−∞
ωA†i (ω)Ai(ω)dω + ωei |ei〉〈ei | + ω fi | fi〉〈 fi | + ωgi |gi〉〈gi |
+
∫ ∞
−∞
gi[α∗i (ω)Ai(ω)|ei〉〈gi | + H.c.]dω +Ωi[|ei〉〈 fi |e−iωli t + H.c.],
(5)
where ωli is the frequency of the classical field in the ith cavity. Without loss of generality, we
assume the atoms and the cavities have the same parameters, i.e.,ωe1 = ωe2 ≡ ωe,ω f1 = ω f2 ≡ ω f ,
ωg1 = ωg2 ≡ ωg, ωc1 = ωc2 ≡ ωc , κ1 = κ2 ≡ κ, ωl1 = ωl2 ≡ ωl , g1 = g2 ≡ g, and Ω1 = Ω2 ≡ Ω.
In the interaction picture, the interaction Hamiltonian is given by
HIi =
∫ ∞
−∞
g[α∗(ω)A(ω)|ei〉〈gi |ei(ωe−ωg−ω)t + H.c.]dω +Ω[|ei〉〈 fi |e−i∆l t + H.c.], (6)
where ∆l = ωl − (ωe − ω f ) is the detuning of the classical field. Assuming the atom is initially
in the coherent superposition of the quantum states | fi〉 and |gi〉, and the cavity field is in the
vacuum state |0〉, the initial wave function of the subsystem is given by
|ψ(0)〉i = [cos(θi/2)| fi〉 + sin(θi/2)eiϕi |gi〉]|0〉i, (7)
where θi ∈ [0, pi], ϕi ∈ [0, 2pi] and |0〉i represents for the vacuum state of the i environments.
|1ω〉i = A†(ω)|0〉i represents that there is one photon at frequency ω in the i environments. With
at most only one excitation, the wave function of the subsystem at any time t can be written as
|ψ(t)〉i = [Ei(t)|ei〉 + Fi(t)| fi〉 + Gi(t)|gi〉]|0〉i +
∫ ∞
−∞
Ui(t, ω)|gi〉|1ω〉idω, (8)
where Ei(t), Fi(t), Gi(t), and Ui(t) are the probability amplitudes which should be determined.
Using the Schördinger equation, we obtain
ÛEi(t) = −ig
∫ ∞
−∞
α∗(ω)ei(ωe−ωg−ω)tUi(ω, t)dω − iΩe−i∆l tFi(t) (9)
ÛFi(t) = −iΩei∆l tEi(t) (10)
ÛGi(t) = 0 (11)
ÛUi(t) = −igα(ω)e−i(ωe−ωg−ω)tEi(t) (12)
The differential equations can be solved as Gi(t) = Gi(0) = sin(θi/2)eiϕi . Performing time
integration of Eq. (10) and Eq. (12) and substituting the results into Eq. (9), we obtain
ÛEi(t) = −
∫ t
0
f (t − t1)Ei(t1)dt1 −Ω2
∫ t
0
e−i∆l (t−t2)Ei(t2)dt2 − iΩFi(0)e−i∆l t, (13)
where the correlation function f (t − t1) =
∫ ∞
−∞ J(ω)ei(ωe−ωg−ω)(t−t1)dω. J(ω) is the spectral
densities, which is chosen as Lorentzian function
J(ω) = g2 |α(ω)|2 = 1
pi
g2κ
(ω − ωc)2 + κ2 . (14)
In Eq. (14), τg = g−1 is related to the relaxation time of the system and τκ = κ−1 is the correlation
time of the reservoir. When the correlation time of the reservoir is greater than the relaxation
time (τκ  τg), the system is coupled to non-Markovian environments. Conversely, when the
relaxation time is greater than the correlation time of the reservoir (τg  τκ), the system is
coupled to Markovian environments. Substituting the spectral densities into the correlation
function, the correlation function can be written as
f (t − t1) = g2e−(κ+i∆)(t−t1), (15)
where ∆ = ωc − ωe + ωg is the detuning of the cavity field. The integro-differential equation
(13) can be written as
ÛEi(t) = −g2
∫ t
0
e−(κ+i∆)(t−t1)Ei(t1)dt1 −Ω2
∫ t
0
e−i∆l (t−t2)Ei(t2)dt2 − iΩFi(0)e−i∆l t . (16)
In Eq. (16), the first term is the interaction between the atom and the cavity field, which leads
to the dissipation of the quantum system; the remaining terms are the interaction between the
atom and the classical field. With the help of Laplace transform, we solve the integro-differential
equation Eq. (16) exactly. The result is expressed by
Ei(t) = Fi(0)
∑k=3
k=1
ckesk t, (17)
where sk is the kth root of the cubic equation s3+[i(∆+∆l)+κ]s2+[g2+Ω2+i∆l(i∆+κ)]s+Ω2(i∆+
κ)+ig2∆l = 0, and c1 = −iΩ(s1+i∆+κ)/((s1−s2)(s1−s3)), c2 = −iΩ(s2+i∆+κ)/((s2−s1)(s2−s3)),
and c3 = −iΩ(s3 + i∆ + κ)/((s3 − s2)(s3 − s1)).
3. THE ENTANGLEMENT BETWEEN THE ATOM AND THE CAVITY FIELD
Let us introduce the linear entropy to quantify the entanglement between the atom and the cavity
field, which is defined as
SA(θ, ϕ, t) = 1 − Tr(ρ2A), (18)
where ρA is the atomic reduced density matrix of each subsystem. The range of the linear entropy
is between 0 for pure state and 1 − 1/d for completely mixed state, where d is the dimension of
the density matrix (here d = 3). Using Eq. (8), we obtain the atomic reduced density matrix ρA
as follows
ρA =
©­«
|Ei(t)|2 Ei(t)F∗i (t) Ei(t)G∗i (t)
Fi(t)E∗i (t) |Fi(t)|2 Fi(t)G∗i (t)
Gi(t)E∗i (t) Gi(t)F∗i (t) 1 − |Ei(t)|2 − |Fi(t)|2
ª®¬ . (19)
In this paper, we calculate the average linear entropy with respect to all possible input states on
the surface of the Bloch sphere as [38]
SavA (t) =
1
4pi
∫
SA(θ, ϕ, t) sin(θ)dθdϕ. (20)
Fig. 2. The evolution of the average linear entropy as a function of the scaled time τ = κt
for different detunings in non-Markovian environments: ∆ = 0,∆l = 0 (orange curve),
∆ = 15κ,∆l = 0 (green curve), ∆ = 0,∆l = −15κ (red curve), and ∆ = 15κ,∆l = −15κ (blue
curve). Other parameters: g = Ω = 10κ.
Fig. 2 illustrates the evolution of entanglement between the atom and the cavity field over the
scaled time τ = κt in non-Markovian environments. In Fig. 2, the average linear entropy exhibits
an oscillatory behaviour for the memory effect of non-Markovian environments. In the absence
of the detuning, the average linear entropy decays rapidly. In the presence of the detunings, the
average linear entropy first increases to a maximum and then gradually decreases. Fig. 3(a) shows
the evolution of the populations of the states |e〉, | f 〉, and |g〉 in Eq. (8) (Pe, Pf , and Pg) for the
initial state | f 〉 (θ = 0). In Fig. 3(a), the populations of the states | f 〉 and |e〉 decrease from one to
zero and the population of the state |g〉 increases from zero to one. That is because the state | f 〉 is
transferred into the state |g〉 through the transition path | f 〉 → |e〉 → |g〉 due to the dissipation
of the cavities. From Eq. (8), we know that the atom and the cavity field are in the entangled state,
when 0 < Pg(t) < 1. In other words, the atom-field system will disentangle, when Pg(t) = 1. Fig.
(a) (b)
Fig. 3. (a) The evolution of the populations of the states |e〉, | f 〉, and |g〉 as a function
of the scaled time τ = κt for the initial state | f 〉 : the population of the state |e〉 (blue
curve), the population of the state | f 〉 (red curve), and the population of the state |e〉 (green
curve). (b) The evolution of the populations of the state |g〉 as a function of the scaled
time τ = κt for different detunings: ∆ = 0,∆l = 0 (orange curve), ∆ = 15κ,∆l = 0 (green
curve), ∆ = 0,∆l = −15κ (red curve), and ∆ = 15κ,∆l = −15κ (blue curve). Other common
parameters: ∆ = ∆l = 0, g = Ω = 10κ, and θ = ϕ = 0.
3(b) shows the evolution of the populations of state |g〉 over the scaled time τ = κt for different
detunings. It shows that the population of the state |g〉 increases from zero to one more slowly in
the presence of detunings, i.e., the presence of detunings can preserve the entanglement between
the atom and the cavity field. It is because that the presence of the detuning ∆ (∆l) decreases
the transition rate between the states |e〉 and |g〉 (| f 〉 and |e〉). As a result, the decay of the
entanglement between the atom and the cavity field becomes slow in the presence of detunings.
In addition, the amplitude of the oscillations is associated with the intensity of the memory effect
of non-Markovian environments. In Fig. 2, the linear entropy shows more intensive oscillations
in the absence of the detuning. In other words, the detunings suppress the memory effect of
non-Markovian environments. Hence, the detunings not only make the evolution of the system
slow, but also suppress the the memory effect in non-Markovian environments.
In Fig. 4, we plot the linear entropy of the atom-field at the scaled time τ = 15κt, as a function
of the detunings ∆ and ∆l for initial atomic state | f 〉. Fig. 4 shows that when the detuning ∆ = 0
(∆l = 0), the sign of the detuning ∆l (∆) has no effect on the decay of the entanglement. However,
the decay of the entanglement can be suppressed, when the detunings satisfy the condition
∆ · ∆l < 0. That means the decay of the entanglement can be suppressed greatly by choosing the
sign of the detunings ∆ and ∆l .
In order to investigate the differences between the Markovian dynamics and the non-Markovian
dynamics, we plot the evolution of the linear entropy between the atom and the cavity field
over the scaled time τ = gt in Markovian and non-Markovian environments in Fig. 5. It shows
that the linear entropy has an obvious oscillation and evolves more slowly in non-Markovian
environments for the memory effect. In addition, the presence of detunings can preserve the
entanglement between the atom and the cavity field both in the Markovian and non-Markovian
environments.
Fig. 4. The linear entropy of the atom-field at the scaled time τ = 15κt, as a function of
detunings ∆ and ∆l for initial atomic state | f 〉. Other parameters: g = Ω = 10κ.
Fig. 5. The evolution of the linear entropy between the atom and the cavity field over the
scaled time τ = gt for different detunings in Markovian and non-Markovian environments:
∆ = ∆l = 0 (orange curve), ∆ = 1.5g, ∆l = 0 (green curve), ∆ = 0, ∆l = −1.5g (red curve),
and ∆ = 1.5g, ∆l = −1.5g (blue curve). The dashed and solid lines denote Markovian and
non-Markovian environments, respectively. Other parameters: θ = ϕ = 0.
4. THE ENTANGLEMENT BETWEEN TWO ATOMS
Due to the fact that the two subsystems are independent, the wave function of the total system
can be written as
|ψ(t)〉 = |ψ1(t)〉 ⊗ |ψ2(t)〉. (21)
However, the atom and the cavity field in each subsystem are in the entangled state. This allows
us to establish the entanglement between the two atoms by performing Bell state measurement
on photons leaving the cavities. We consider the Bell state
|Ψ+〉 = 1√
2
(|0〉1 |1〉2 − |1〉1 |0〉2), (22)
where |1〉i =
∫ ∞
−∞ Θ(ω)|1ω〉idω,Θ(ω) is the pulse shape associated with the coming photon. Then,
acting the projection operator PF = |Ψ+〉〈Ψ+ | on the wave function |ψ(t)〉 (after normalization),
we obtain
|ψAA(t)〉 =〈Ψ+ |ψ(t)〉
=
1√
N(t)
[X12(t)|e, g〉 − X21(t)|g, e〉 + Y12(t)| f , g〉 − Y21(t)|g, f 〉
+ (Z12(t) − Z21(t))|g, g〉],
(23)
where
N(t) = |X12(t)|2 + |X21(t)|2 + |Y12(t)|2 + |Y21(t)|2 + |Z12(t) − Z21(t)|2. (24)
Here we have defined
Xi j(t) = Ei(t)
∫ ∞
−∞
Uj(ω, t)Θ∗(ω)dω, (25)
Yi j(t) = Fi(t)
∫ ∞
−∞
Uj(ω, t)Θ∗(ω)dω, (26)
Zi j(t) = Gi(t)
∫ ∞
−∞
Uj(ω, t)Θ∗(ω)dω. (27)
In order to quantify the amount of entanglement between two atoms, we introduce the negativity
[34], which is defined as
N(ρ(t)) = ‖ρ
TA ‖ − 1
2
, (28)
where ρTA is the partial transpose of ρ and ‖X ‖ ≡ tr
√
X†X is the trace norm. Similarly, we
calculate the average negativity with respect to all possible input pure separable states as
Nav(ρ(t)) = 1
16pi2
∫
N(ρ(t))
2∏
k=1
sin(θk)dθkdϕk . (29)
Fig. 6 (a) illustrates the evolution of the average negativity, as a function of the scaled time
τ = κt in non-Markovian environments. In Fig. 6 (a), the average negativity exhibits an oscillatory
decay behaviour in the absence and presence of detuning for the interaction between cavities and
environments. In the presence of the detunings ∆ and ∆l , the decay of the entanglement between
two atoms becomes slow. It is because that the entanglement between the two atoms depends on
the entanglement between the atom and cavity field, i.e., the disentanglement between the atom
and the cavity field will lead to the disentanglement between the two atoms. From the results in
section 3, we know that the presence of detunings can preserve the entanglement between the
atom and the cavity field, namely, the detunings can preserve the entanglement between the two
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Fig. 6. (a) The evolution of the average negativity as a function of the scaled time τ = κt
for different detunings in non-Markovian environments: ∆ = ∆l = 0 (orange curve),
∆ = 15κ,∆l = 0 (green curve), ∆ = 0,∆l = −15κ (red curve), and ∆ = 15κ,∆l = −15κ (blue
curve). (b) Density matrix of the two atoms at τ = 1κt: ∆1 = ∆2 = 15κ, ∆l1 = ∆l2 = −15κ,
and θ1 = θ2 = ϕ1 = ϕ2 = 0. Other common parameters: g = Ω = 10κ.
(a) (b)
Fig. 7. The evolution of the negativity between the two atoms as a function of the scaled
time τ = κt for different initial atomic states in (a) non-Markovian environments and (b)
Markovian environments: θ1 = θ2 = 0, ϕ1 = ϕ2 = 0 (blue curve), θ1 = pi/2, θ2 = 0,
ϕ1 = ϕ2 = 0 (red curve), θ1 = pi/2, θ2 = pi/4, ϕ1 = ϕ2 = 0 (green curve), and θ1 = pi/2,
θ2 = pi/4, ϕ1 = pi, ϕ2 = 0 (orange curve). Other parameters: (a) ∆ = 15κ, ∆l = −15κ and
g = Ω = 10κ. (b) ∆ = 0.15κ, ∆l = −0.15κ and g = Ω = 0.1κ.
atoms. Therefore, by choosing the detunings ∆ and ∆l , a long-living stationary entangled state
between two atoms can be created. Fig. 6 (b) shows the density matrix of two atoms at the scaled
time τ = 1κ. Due to the dissipation of cavities, the population of the state |g, g〉 is increased and
the populations of the other states are decreased.
On the other hand, we consider the effect of the initial atomic states on the evolution of the
entanglement between two atoms. In Fig. 7, we plot the evolution of the negativity, as a function
of the scaled time τ = κt for different initial atomic states in (a) non-Markovian environments
and (b) Markovian environments. It is revealed that, when two atoms are in the quantum state
| f 〉 initially, the long-living stationary entanglement between two atoms is generated in both
Markovian and non-Markovian environments. Furthermore, our further calculations show that
when two atoms are in the same quantum state initially, a long-living stationary entangle state
between two atoms can be produced in both Markovian and non-Markovian environments.
5. CONCLUSION
In summary, we have investigated the system formed by two independent dissipative cavities,
each of which contains a Λ-type three-level atom. We solve the time-dependent Schördinger
equation of the subsystem and obtain the analytical results for the dynamical evolution of the
atom-field system in non-Markovian environments. The results show that the atom and the cavity
field are in the entangled state in non-Markovian environments and the decay of the entanglement
is suppressed in the presence of detunings. We establish the entanglement between two atoms
by performing Bell state measurement on photons leaving the cavities. It is revealed that, the
presence of the detunings ∆ and ∆l can suppress the decay of the entanglement. By choosing
the detunings and the initial atomic states, a long-living stationary entangled state between
two distant atoms can be generated. Our results are useful to perform long-distance quantum
communication, especially when long-living stationary entanglement is needed and the effect of
environments cannot be neglected.
In the end, we briefly address the feasibility of experimental realization. In our proposed
scheme, the two atoms are trapped in two distant cavities, respectively. That can be implemented
experimentally by trapping atoms in cavity QED system [39,40]. The leaking photons from the
two cavities are mixed on a beam splitter, and two detectors D1 and D2 are set to the both output
ports of it. The projection on the states is realized, when one of the two detectors is clicked. The
Bell state |Ψ±〉 = 1√
2
(|0〉1 |1〉2 ± |1〉1 |0〉2) can be distinguished by the detectors D1 and D2. The
detection scheme can be implemented in linear optical system experimentally [41].
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